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Abstract
Risk assessment under different possible scenarios is a source of uncertainty that
may lead to concerning financial losses. We address this issue, first, by adapting
a robust framework to the class of spectral risk measures. Second, we propose
a Deviation-based approach to quantify uncertainty. Furthermore, the theory is
illustrated with a practical application.
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1 Introduction
In risk management, the ultimate goal is to calculate required capital to act as a buffer
against the inherent risk of a financial position. Over the last few decades, numerous
risk measures, which are mappings from a set of random variables to real numbers, have
been introduced. Typical examples are Value-at-Risk, Expected Shortfall and various
coherent and convex risk measures introduced, respectively, by [Artzner et al., 1999] and
[Fo¨llmer and Schied, 2002] as axiomatic approach of the reasonable theoretical properties
that a measure of risk may fulfill (see Definition 2.1). For a comprehensive review, we
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recommend [Pflug and Ro¨misch, 2007], [Delbaen, 2012], [McNeil et al., 2005] and [Fo¨llmer
and Schied, 2016].
Among coherent risk measures the only law-invariant and co-monotonic additive ones
are spectral risk measures, introduced in [Acerbi, 2002] and arguably considered as the
most important extensions of Expected Shortfall. Beyond fulfilling most of the suitable
theoretical properties of a reasonable risk measure, a spectral risk measure is characterized
with a weighting function φ that account for the psychological attitude of different profiles,
by reflecting risk-aversion. This argumentum makes this class of risk measures of interest
and justifies the framework of the present paper.
In practice, risk measures have to be estimated from data. Therefore, it is totally
legitimate to argue that the most suitable risk measures, for use in practice, are the
law-invariant (distribution-based) ones. Under different scenarios we get different as-
sessments of risk. Moreover, improper distribution assumptions (probability measures)
can largely affect the risk value, lead to wrong decision and then to significant financial
losses. Therefore, the choice of probability measures is a source of uncertainty in the risk
measurement process. This situation naturally requires considering robust risk measures;
thus, risk measures that are insensitive to the choice of probability measures.
That is to say, in risk measurement practitioners use risk measures based on a given
probability measure on (Ω,F). Therefore, for each probability we generally get a different
measure of risk. These probability measures could be understood as alternative scenarios,
that we can indifferently interpret as different (models, values of an estimated parameter,
economic situations, beliefs...). However, this gives rise to the question: Is there a decent
probability measure? Typically, we have a set of candidate probability measures and
often we do not know how to pick the appropriate one due to the uncertain character of
the financial market.
This uncertainty regarding the choice of the proper probability measure (then the
proper risk measure) has motivated the investigation of two issues:
 How to overcome uncertainty?
 How to measure uncertainty?
In this paper, each probability measure is associated with a scenario. We intend to
address the above formulated questions by adapting a consistent framework to the class
of spectral risk measures. In this sense, our paper contributes to the existent literature
recently addressing this issue, see [Wang and Ziegel, 2018], [Jokhadze and Schmidt, 2018],
[Righi, 2018b] and the references therein. Moreover, we intend to propose an alternative
approach for measuring uncertainty itself. Since quantifying uncertainty provides us
with information about how far our risk measurement process could be impacted by
uncertainty; and it may even be seen as a penalization to add to the required capital
for covering the held financial position. To measure uncertainty [Jokhadze and Schmidt,
2018] proposed a superposed measure that evaluates the dispersion, of a collection of
risk measure, relatively to some reference risk measure ρ0. At this point, the approach
suggested by the authors is interesting but it stays dependent on the choice of a risk
measure of reference, and since we are dealing with uncertainty this approach does not
completely address the issue. Moreover, the monetary risk measures used in [Jokhadze
and Schmidt, 2018], such as V aR and ES, do not capture the variability concept.
The rest of the paper is structured as follows: Section 2 exposes preliminaries regarding
notations, theoretical review of risk and deviation measures and examples as well. In
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section 3, we study two approaches of a robust framework for spectral risk measures.
To measure uncertainty an alternative approach is suggested in section 4. Section 5
illustrates our contribution in a case study.
2 Preliminaries
Consider a measurable space (Ω,F) and let P the set of all probability measures on
(Ω,F). For a probability measure P ∈ P , L∞(Ω,F ,P) is the space of equivalent classes
of essentially bounded random variables. We denote X the random future outcome of a
financial position. Constant random variables are identified with real numbers. We use
EP[X] =
∫
Ω
XdP, FX,P(x) = P(X ≤ x) and F−1X,P(α) = inf{x : FX,P(x) ≥ α} to denote,
respectively, the expected value, the probability function (c.d.f.) and its generalized
inverse for X under P ∈ P . We say that a pair of random variables X, Y ∈ L∞ is
co-monotone if (X(ω)−X(ω′))(Y (ω)− Y (ω′)) ≥ 0 for all (ω, ω′) ∈ Ω× Ω.
We expose definitions and theoretical properties of both risk and deviation measures.
Definition 2.1. A risk measure is a functional ρ : L∞ → R, which may satisfy the
following properties:
• Law Invariance: If X ∈ L∞ and Y ∈ L∞ have the same distribution under P, succinctly
X
d
=P Y , then ρ(X) = ρ(Y ).
• Monotonicity: ρ(X) ≤ ρ(Y ) when X, Y ∈ L∞ are such that X ≥ Y .
• Translation Invariance: ρ(X + C) = ρ(X)− C for all C ∈ R and X ∈ L∞.
• Sub-Additivity: ρ(X + Y ) ≤ ρ(X) + ρ(Y ) for every pair X, Y ∈ L∞.
• Positive Homogeneity: ρ(λX) = λρ(X) for all λ ≥ 0 and X ∈ L∞.
• Convexity: ρ(λX + (1−λ)Y ) ≤ λρ(X) + (1−λ)ρ(Y ) for all X, Y ∈ L∞ and λ ∈ [0, 1].
• Co-monotonic Additivity: ρ(X+Y ) = ρ(X)+ρ(Y ) for every co-monotonic pair X, Y ∈
L∞.
• Fatou Continuity: if lim
n→∞
Xn = X and {Xn}∞n=1, X ∈ L∞, then ρ(X) ≤ lim inf
n→∞
ρ(Xn).
A risk measure is called distribution-based or law-invariant if it satisfies Law In-
variance, monetary if it fulfills Monotonicity and Translation Invariance, convex if it is
monetary and respects Convexity, coherent if it is convex and possesses Positive Homo-
geneity, co-monotone if it attends Co-monotonic Additivity, and Fatou Continuous if it
satisfies Fatou Continuity.
Remark 2.2. Every pair from Sub-Additivity, Positive Homogeneity and Convexity prop-
erties implies the third one. For financial interpretations of the properties above, we refer
the reader to ( [Fo¨llmer and Schied, 2002], Chap 4), [Delbaen, 2012] and [McNeil et al.,
2005].
Example 2.3. The functionals provided below, excepting WC, are examples of distribution-
based risk measures:
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• Worst-case (WC): This is an extreme robust risk measure, since it does not depend on
the probability P, defined as:
WC(X) = − inf X, ∀X ∈ L∞. (2.1)
• Expected Loss (EL): This is a parsimonious law-invariant co-monotone and coherent
risk measure defined as:
ELP(X) = −EP[X] = −
∫ 1
0
F−1X,P(γ)dγ, ∀X ∈ L∞. (2.2)
• Value-at-Risk (VaR): This is a leading law-invariant monetary risk measure in both
financial theory and practice, defined conform:
V aRPα(X) = − inf{x : FX,P(x) ≥ α}, α ∈ [0, 1], ∀X ∈ L∞. (2.3)
• Entropic risk measure (Entr): This is a law-invariant convex risk measure characterized
with an aversion parameter τ > 0, defined as:
EntrPτ (X) =
1
τ
logEP[e−τX ] = sup
Q
{
EQ[−X]− 1
τ
H(Q/P)
}
, ∀X ∈ L∞. (2.4)
where, H denotes the relative entropy of Q with respect to P, see [Fo¨llmer and
Schied, 2002].
• Expected Shortfall (ES): This is a prominent law-invariant co-monotone and coherent
risk measure defined as:
ESP(X) =
1
1− α
∫ 1
α
V aRPγ (X)dγ, α ∈ [0, 1), ∀X ∈ L∞. (2.5)
• Spectral risk measure (ρφ): This is the class of law-invariant co-monotone and coherent
risk measures, proposed by [Acerbi, 2002], expressed as:
ρPφ(X) =
∫ 1
0
V aRPγ (X)φ(γ)dγ, ∀X ∈ L∞. (2.6)
where, φ is a non-increasing, non-negative, right continuous and integrable weight-
ing function such that
∫ 1
0
φ(γ)dγ = 1.
Definition 2.4. A deviation measure is a functional D : L∞ → R+, [Rockafellar et al.,
2006], which may fulfills the following properties:
• Non-Negativity: For all X ∈ L∞, D(X) = 0 for constant X and D(X) > 0 for non-
constant X.
• Translation Insensitivity: D(X + C) = D(X) for all C ∈ R and X ∈ L∞.
• Convexity: D(λX + (1− λ)Y ) ≤ λD(X) + (1− λ)D(Y ) for all X, Y ∈ L∞.
• Positive Homogeneity: D(λX) = λD(X) for all λ ≥ 0 and X ∈ L∞.
4
• Co-monotonic additivity: D(X + Y ) = D(X) + D(Y ) for every co-monotonic pair
X, Y ∈ L∞.
A measure of deviation D is proper if it satisfies Non-Negativity and Translation
Insensitivity, convex if it is proper and fulfills Convexity, coherent if it is convex and
respects Positive Homogeneity, and co-monotone if it attends Co-monotonic additivity.
See e.g., [Righi, 2018a], [Furman et al., 2017] and [Berkhouch et al., 2018].
Example 2.5. We provide below some examples that illustrate the deviation concept:
• Full Range (FR): This extremely conservative deviation measure, that represents the
larger possible difference between two values of X(ω) for distinct ω ∈ Ω, is defined
as:
FR(X) = supX − inf X, ∀X ∈ L∞. (2.7)
• Lower and Upper Range (LR/UR): They are adaptations of the full range measure
to account for the range below or above the expectation, respectively. They are
formulated as:
URP(X) = EP[X]− inf X, ∀X ∈ L∞; (2.8)
LRP(X) = supX − EP[X], ∀X ∈ L∞. (2.9)
• Variance (Var): This is the most known deviation measure, being defined as:
V arP(X) = EP[(X − EP[X])2], ∀X ∈ L∞. (2.10)
It represents the second moment around expectation and has been considered as a
proxy for risk in modern finance since the pioneering work of [Markowitz, 1952],
[Markowitz, 1970].
• Standard Deviation (SD): This variability measure is expressed as the root of the vari-
ance:
SDP(X) =
(
EP[(X − EP[X])2]) 12 , ∀X ∈ L∞. (2.11)
• Semi-Deviation (SD−/SD+): The lower and upper semi-deviations are adaptations of
the standard deviation that consider dispersion only from values, respectively, below
or above the expectation in order to avoid symmetry. They are defined conform:
SDP∓(X) =
(
EP[((X − EP[X])2)∓]) 12 , ∀X ∈ L∞. (2.12)
• Mean Gini coefficient (Gini): This is a statistical coefficient that measures the vari-
ation degree in the set of values X(ω) as ω varies in Ω, see [Shalit and Yitzhaki,
1984], [Giorgi, 1993], [Giorgi, 2005], [Yitzhaki, 1998], [Ceriani and Verme, 2012],
[Furman et al., 2017] and [Berkhouch et al., 2018]. It is defined as:
GiniP(X) = EP[|X∗ −X∗∗|], ∀X ∈ L∞; (2.13)
where, X∗ and X∗∗ are two independent copies of X. Or, in terms of covariance
(Cov):
GiniP(X) = 4CovP[X,FX,P(X)], ∀X ∈ L∞.
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• Extended Gini coefficient (EGini): This is a well-known coefficient in finance and
economics characterized with a parameter of aversion degree r ≥ 1, see [Yitzhaki,
1983], [Yitzhaki and Schechtman, 2005], [Yitzhaki and Schechtman, 2012], [Mao
and Wang, 2018] and [Berkhouch et al., 2018]. It is formulated conform:
EGiniP(X) = −2r CovP[X, (1− FX,P(X))r−1], ∀X ∈ L∞. (2.14)
For r = 2, we get the Mean Gini coefficient.
3 Robust framework for spectral risk measures
For a measurable space of scenarios (S,S) and a weighting function φ (a priori specified),
we consider a collection ρφ = (ρ
s
φ)s∈S of spectral risk measures such that: ρ
s
φ : L
∞(Ω,F)→
R, for every s ∈ S. We assume ρ.φ,X := ρ.φ(X) : (S,S) → R S-measurable, for every
financial position X ∈ L∞.
Throughout this paper, we adopt the following notations according to the context:
ρφ(X) := (ρ
s
φ(X))s∈S = (ρ
s
φ,X)s∈S := ρφ,X .
Definition 3.1. We call scenario-based spectral risk measurement (abri. scenario-based
SRM) every family of spectral risk measures with a weighting function φ such that:
ρφ = {ρsφ : L∞(Ω,F)→ R, s ∈ S}.
Definition 3.2. For a held financial position X, we define an uncertainty-free set as:
{ρφ,X ∈ L∞(S,S) s.t. : ρsφ,X = ρs
′
φ,X ,∀s, s′ ∈ S}.
We now define S-based risk measures as introduced in [Wang and Ziegel, 2018]:
Definition 3.3. For a scenario set S, a measure of risk ρ is called S-based if: ρ(X) =
ρ(Y ) for X, Y ∈ L∞ whenever X d=s Y .
Consider a scenario-based SRM, ρφ, and let µ be a probability measure on (S,S). We
intend to capture the uncertain character of ρφ, by composing ρφ with a risk measure on
L∞(S,S); the idea is, instead of picking a specific risk measure, we consider the whole
set of candidates. Let R be a risk measure on L∞(S,S):
Definition 3.4. The composition of R and ρφ is a monetary risk measure defined as:
Ro ρφ(X) = R(−ρφ(X)), ∀X ∈ L∞. (3.1)
By definition, the composition Ro ρφ is S-based. This approach allows us to define
new risk measures that account for uncertainty over our scenario-based SRM ρφ. We list
some relevant examples below:
Example 3.5.
• Worst-case scenario (ρWCφ ): For R = WC, we get the worst-case scenario defined as:
ρWCφ (X) = sup
s∈S
ρsφ(X), ∀X ∈ L∞. (3.2)
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• Scenario-based Expectation (Eφ): For R = ELµ, we introduce the scenario-based Ex-
pectation:
Eµφ(X) =
∫
S
ρsφ(X)dµ, ∀X ∈ L∞. (3.3)
• Scenario-based Value-at-Risk (V aRα,φ): For R = V aRµα, α ∈ [0, 1], we define the
scenario-based Value-at-Risk as:
V aRµα,φ(X) = inf{x ∈ R : µ(ρφ(X) < x) ≤ 1− α}, ∀X ∈ L∞. (3.4)
• Scenario-based entropic risk measure (Entrτ,φ): For R = Entrµτ , τ > 0, we define the
scenario-based entropic risk measure conform:
Entrµτ,φ(X) = sup
Q
{
EQφ (X)−
1
τ
H(Q/µ)
}
, ∀X ∈ L∞. (3.5)
• Scenario-based Expected Shortfall (ESα,φ): For R = ESµα, α ∈ [0, 1), we introduce the
scenario-based Expected Shortfall as:
ESµα,φ(X) =
1
1− α
∫ 1
α
V aRµγ,φ(X)dγ, ∀X ∈ L∞. (3.6)
Remark 3.6. The above introduced risk measures are examples of interesting robust
compositions for our scenario-based SRM ρφ; nevertheless, ρφ could be superposed with
any conceivable risk measure R on L∞(S,S). A discrete version of Eφ, in (3.3), may
be introduced as scenario-based Weighted Average (WAφ) across a set of n scenarios
{s1, ..., sn}:
WAµφ(X) =
n∑
i=1
µ(si) ρ
si
φ (X), ∀X ∈ L∞. (3.7)
This formulation could be more relevant for practical issues. Moreover, ρWCφ and ESα,φ
are S-based and coherent; Entrτ,φ is S-based and convex; WAφ, Eφ and are S-based
co-monotone and coherent.
Remark 3.7. According to the properties of ρφ and R, and from Corollary 1 [Righi,
2018b] (for f(·) = R(−·)), we provide results regarding dual representation of the super-
posed robust risk measure Ro ρφ. Let ρφ be a scenario-based SRM and R be a monetary
risk measure. Then:
i) If R is a law-invariant convex risk measure, then the representation is conform:
Ro ρφ(X) = sup
µ∈V
{∫
[0,1)
ESγ(X)dm
µ − δR(µ)
}
, ∀X ∈ L∞. (3.8)
where, mµ ∈ cl(MEµφ ). For V the set of probability measures in (S,S), and δR a
penalty term; see [Righi, 2018b].
ii) If R is a law-invariant coherent risk measure, then the representation becomes:
Ro ρφ(X) = sup
µ∈VR
∫
[0,1)
ESγ(X)dm
µ, ∀X ∈ L∞. (3.9)
where, mµ ∈ cl(MEµφ ) and VR = {µ ∈ V : Ro ρφ(X) ≥ E
µ
φ(X), ∀X ∈ L∞};
see [Righi, 2018b].
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iii) If R is a law-invariant co-monotone coherent risk measure, then the representation
becomes:
Ro ρφ(X) =
∫
[0,1)
ESγ(X)dm
µ, ∀X ∈ L∞. (3.10)
for some mµ ∈ cl(MEµφ ).
From an other perspective, Value-at-Risk (V aR) and Expected Shortfall (ES) are
widely used in banking and insurance industries; therefore, we consider them as a building
block for a second approach. First, by definition a spectral risk measure is expressed as
weighted Value-at-Risk:
ρsφ(X) =
∫ 1
0
V aRsγ(X)φ(γ)dγ, ∀X ∈ L∞. (3.11)
Second, as a classic result from dual representation of law-invariant co-monotone
coherent risk measures (see [Kusuoka, 2001], [Acerbi, 2002] and [Frittelli and Gianin,
2005]), a spectral risk measure may also be expressed as a mixture of Expected Shortfall
(ES):
ρsφ(X) =
∫
[0,1)
ESsγ(X)dm, ∀X ∈ L∞. (3.12)
for some probability measure m on [0, 1).
Therefore, addressing the uncertainty issue over a scenario-based SRM ρφ = (ρ
s
φ)s∈S
can be turned to dealing with uncertainty over the collections V aRα = (V aR
s
α)s∈S and
ESα = (ES
s
α)s∈S. We then formulate the corresponding robust composition versions of
V aRα and ESα, for R : L
∞(S,S)→ R:
RoV aRα(X) = R(−V aRα(X)), ∀X ∈ L∞. (3.13)
RoESα(X) = R(−ESα(X)), ∀X ∈ L∞. (3.14)
Similarly, one may define an alternative version of ESα:
ESα,R(X) =
1
1− α
∫ 1
α
RoV aRγ(X)dγ, ∀X ∈ L∞. (3.15)
Based on this, we introduce below some new variants of robust risk measures that
capture uncertainty over a scenario-based SRM ρφ. Note that despite using the same
notation, the below introduced risk measures are not necessarily equal.
Definition 3.8. For a scenario-based SRM ρφ and a risk measure R on L
∞(S,S), we
introduce:
i)
ρφ,R(X) =
∫ 1
0
RoV aRγ(X)φ(γ)dγ, ∀X ∈ L∞. (3.16)
ii)
ρφ,R(X) =
∫
[0,1)
RoESγ(X)dm, ∀X ∈ L∞. (3.17)
8
iii)
ρφ,R(X) =
∫
[0,1)
ESγ,R(X)dm, ∀X ∈ L∞. (3.18)
Proposition 3.9. Let R be a risk measure on L∞(S,S) and consider ρφ,R defined in
(3.17).
i) If R is convex then ρφ,R is S-based and convex.
ii) If R is coherent then ρφ,R is S-based and coherent.
iii) If R is co-monotone then ρφ,R is S-based and co-monotone.
Proof.
i) R is convex and ESγ is convex.
We have RoESγ is convex. Let C ∈ R:
ρφ,R(X + C) =
∫
[0,1)
RoESγ(X + C)dm
=
∫
[0,1)
RoESγ(X)dm− C
= ρφ,R(X)− C.
Let X, Y ∈ L∞ s.t.: X ≤ Y , we have:
RoESγ(X) ≥ RoESγ(Y )⇒
∫
[0,1)
RoESγ(X)dm ≥
∫
[0,1)
RoESγ(Y )dm
⇒ ρφ,R(X) ≥ ρφ,R(Y ).
Thus, ρφ,R is a monetary risk measure.
Let λ ∈ [0, 1] and X, Y ∈ L∞, since RoESγ is convex we have:
RoESγ(λX + (1− λ)Y ) ≤ λR oESγ(X) + (1− λ)RoESγ(Y )
⇒
∫
[0,1)
RoESγ(λX + (1− λ)Y )dm ≤ λ
∫
[0,1)
RoESγ(X)dm+ (1− λ)
∫
[0,1)
RoESγ(Y )dm
⇒ ρφ,R(λX + (1− λ)Y ) ≤ λ ρφ,R(X) + (1− λ)ρφ,R(Y ).
Therefore, ρφ,R is convex.
ii) R is coherent.
RoESγ is coherent. Let λ ≥ 0, we get:
ρφ,R(λX) =
∫
[0,1)
RoESγ(λX)dm
=
∫
[0,1)
λR oESγ(X)dm
= λ ρφ,R(X).
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Thus, ρφ,R is positive homogeneous. Then, ρφ,R is coherent.
iii) R is co-monotone.
RoESγ is co-monotone. Let X, Y be a co-monotone pair ∈ L∞, we have:
ρφ,R(X + Y ) =
∫
[0,1)
RoESγ(X + Y )dm
=
∫
[0,1)
RoESγ(X)dm+
∫
[0,1)
RoESγ(Y )dm
= ρφ,R(X) + ρφ,R(Y ).
Therefore, ρφ,R is co-monotone.
Remark 3.10. Spectral risk measures are a special case of the larger class of distortion
risk measures. Therefore, the proposed approaches in this paper could be extended, in the
same fashion, to the class of distortion measures of risk via the framework of Choquet in-
tegrals under a given capacity (see e.g., [Choquet, 1954], [Schmeidler, 1986], [Schmeidler,
1989], [Yaari, 1987] and [Wang et al., 2018]).
4 Measuring uncertainty
As discussed early in the introduction and since measuring uncertainty means quantifying
the variability over ρφ(X) = (ρ
s
φ(X))s∈S as long as s varies across the scenario set S,
we argue that this quantification should be done within the elements of ρφ(X) without
reliance on a reference measure, as proposed in [Jokhadze and Schmidt, 2018]. Thus, we
claim that measuring uncertainty by a Deviation-based approach is more relevant and
suits much more the objective.
Definition 4.1. Consider a scenario-based SRM ρφ, a measure of uncertainty U is a non-
negative mapping on L∞(S,S) that evaluates uncertainty over (ρsφ(X))s∈S as s varies in
S, for a financial position X:
U : L∞(S,S)→ R+
ρφ(X) 7→ U(ρφ(X))
Remark 4.2. Throughout this section we opt for the following notation:
ρφ(X) := ρφ,X .
The focus in this paper is especially on spectral risk measures; however, our approach
could be extended to any other class of risk measures.
In this stated logic, we propose measuring uncertainty by using deviation measures on
L∞(S,S): U = D. Moreover, the theoretical properties of a deviation measure (see Defi-
nition 2.4) are consistent and easily interpretable in the context of uncertainty measure-
ment. For instance, Non-Negativity assures that there is no variability in an uncertainty-
free set (see Definition 3.2); Translation Insensitivity indicates that uncertainty does not
change if a certain constant value is added.
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Consider a scenario-based SRM, ρφ, and a financial position X. Let µ be a probability
measure on (S,S) and Fµ be the corresponding distribution function for the random vari-
able ρφ,X on L
∞(S,S). We provide some examples of uncertainty measures to illustrate
our Deviation-based approach:
U(ρφ,X) = D(ρφ,X) := Dφ(X);
• For D = FR, we introduce the Full Range-type uncertainty measure (FRφ):
FRφ(X) = sup
s∈S
ρsφ,X − inf
s∈S
ρsφ,X , ∀X ∈ L∞. (4.1)
This measure of uncertainty assesses the maximum distance between the candidates
{ρsφ,X , s ∈ S}. Thus, it tends to overestimate uncertainty.
• ForD = LR/D = UR, we get a Lower/Upper Range-type uncertainty measure (LRφ/URφ):
URµφ(X) = E
µ[ρφ,X ]− inf
s∈S
ρsφ,X , ∀X ∈ L∞; (4.2)
LRµφ(X) = sup
s∈S
ρsφ,X − Eµ[ρφ,X ], ∀X ∈ L∞. (4.3)
• For D = V ar, we define a Variance-type uncertainty measure (V arφ):
V arµφ(X) = E
µ[(ρφ,X − Eµ[ρφ,X ])2], ∀X ∈ L∞. (4.4)
• For D = SD, we define a Standard Deviation-type uncertainty measure (SDφ):
SDµφ(X) =
(
Eµ[(ρφ,X − Eµ[ρφ,X ])2]
) 1
2 , ∀X ∈ L∞. (4.5)
• For D = Gini, we introduce a Gini-type uncertainty measure (Giniφ):
Giniµφ(X) = E
µ[|ρ∗φ,X − ρ∗∗φ,X |], ∀X ∈ L∞; (4.6)
where, ρ∗φ,X and ρ
∗∗
φ,X are two independent copies of ρφ,X . Or, in terms of covariance:
Giniµφ(X) = 4Cov
µ[ρφ,X , Fµ(ρφ,X)], ∀X ∈ L∞. (4.7)
• For D = EGini, we get an Extended Gini-type uncertainty measure (EGiniφ):
EGiniµφ(X) = −2r Covµ[ρφ,X , (1− Fµ(ρφ,X))r−1], ∀X ∈ L∞. (4.8)
where, the parameter r ≥ 1 might be seen as a degree of uncertainty-aversion.
This measure could be used in order to exhibit the attitude towards uncertainty of
different profiles.
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5 A case study
In this section we are going to provide an illustration using a case study. We consider a
scenario-based SRM, ρφ, where the spectral risk measure ρ
s
φ is the Extended Gini Shortfall
introduced in [Berkhouch et al., 2018] conform:
EGSsr,p,λ(X) =
∫ 1
0
V aRsγ(X)φ
λ
r,p(γ)dγ, ∀X ∈ L∞. (5.1)
where,
φλr,p(γ) =
1− p+ 2λ[(1− p)r−1 − r(1− γ)r−1]
(1− p)2 1[p,1](γ), (5.2)
with γ ∈ [0, 1], p ∈ (0, 1), r > 1, and λ ∈ [0, 1/(2(r − 1)(1− p)r−2)].
Our data set consists of daily return X of the NASDAQ index, covering the period
from Jun.01, 2007 to Mar.31, 2019, with a total of N = 3080 observations1. Figure 1
shows the return evolution of the NASDAQ index over the observed period.
We consider sequences of three months from our data set. Thus, each trimester
is regarded as a different economic situation (or scenario) that represents a different
distribution of data. Therefore, we get a total of n = 49 scenarios.
For each scenario s, we evaluate EGSs(X) for a confidence level p = 95% and a risk-
aversion degree r = 2. To fulfill the coherency condition of EGS we arbitrarily take λ
the midpoint of [0, 1/(2(r − 1)(1− p)r−2)], thus λ = 1
4(r − 1)(1− p)r−2 . Table 1 reports
the estimated values of EGS according to each scenario2.
From Table 1, we notice discrepancy between the estimated values of EGS under the
different scenarios; for instance, we got extreme values of risk during the period between
2008 and early 2009 which is characterized by an extremely bad economic situation,
due to the crisis. This emphasizes the point argued in this paper about uncertainty
regarding the choice of a decent distribution. Moreover, it highlights the fact that this
uncertainty could lead to concerning financial losses. At this point, one could measure
uncertainty using the proposed Deviation-based approach, see Table 2. This could be
used for comparison purposes between different scenario-based SRM.
Now, in order to overcome the uncertainty issue we consider the entire set of scenarios,
and we superpose our scenario-based SRM with risk measures such as Expectation, Value-
at-Risk and Expected Shortfall. The results are shown in Table 3.3
From Table 3, we notice that while WC actually overestimates risk, A and WA
do underestimate risk. Moreover, between V aR and ES, as enoughly argued in the
literature, ES seems more convenient.
This empirical exercise, based on the daily returns for the NASDAQ index between
Jan.01, 2007 and Mar.31, 2019, is a historical approach that stresses the potential risk
inherent to the uncertainty issue regarding the choice of distribution; furthermore, it il-
lustrates the robust framework of risk measures proposed in the present paper.
1https://finance.yahoo.com
2a: Jan., Feb., Mar./ b: Apr., May, Jun./ c: Jul., Aug., Sep./ d: Oct., Nov., Dec.
3A: for Average, the equiprobable version of WA.
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Figure 1: Graph of the daily observed NASDAQ return.
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Scenarios EGSs(X)
1 2007-a 2.73%
2 2007-b 1.61%
3 2007-c 2.31%
4 2007-d 2.61%
5 2008-a 3.25%
6 2008-b 2.93%
7 2008-c 6.12%
8 2008-d 7.87%
9 2009-a 4.86%
10 2009-b 3.40%
11 2009-c 2.53%
12 2009-d 2.65%
13 2010-a 2.62%
14 2010-b 3.85%
15 2010-c 2.58%
16 2010-d 1.65%
17 2011-a 2.45%
18 2011-b 1.92%
19 2011-c 5.65%
20 2011-d 3.31%
21 2012-a 1.01%
22 2012-b 2.49%
23 2012-c 1.33%
24 2012-d 2.06%
25 2013-a 1.50%
26 2013-b 2.09%
27 2013-c 1.56%
28 2013-d 1.72%
29 2014-a 2.18%
30 2014-b 2.44%
31 2014-c 1.80%
32 2014-d 2.01%
33 2015-a 2.04%
34 2015-b 1.88%
35 2015-c 3.45%
36 2015-d 1.83%
37 2016-a 3.27%
38 2016-b 2.68%
39 2016-c 1.56%
40 2016-d 1.30%
41 2017-a 1.15%
42 2017-b 1.99%
43 2017-c 1.68%
44 2017-d 1.00%
45 2018-a 3.63%
46 2018-b 2.33%
47 2018-c 1.41%
48 2018-d 4.01%
49 2019-a 2.59%
Table 1: Estimated values of EGSs(X).
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U FR LR UR V ar SD Gini
Uφr,p,λ(X) 6.87% 5.28% 1.59% 0.02% 1.32% 1.31%
Table 2: Uncertainty measurement.
R WC A WA V aR ES
Ro ρφr,p,λ(X) 7.87% 2.59% 3.26% 5.33% 6.55%
Table 3: Estimated values for examples of robust risk measures.
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